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Abstract. The representation dimension rdimðGÞ of a finite group G is the smallest positive in-
teger m for which there exists an embedding of G in GLmðCÞ. In this paper we find the largest
value of rdimðGÞ, as G ranges over all groups of order pn, for a fixed prime p and a fixed ex-
ponent nd 1.
1 Introduction
The representation dimension of a finite group G, denoted by rdimðGÞ, is the minimal
dimension of a faithful complex linear representation of G. In this paper we deter-
mine the maximal representation dimension of a group of order pn. We are moti-
vated by a recent result of N. Karpenko and A. Merkurjev [7, Theorem 4.1], which
states that if G is a finite p-group then the essential dimension of G is equal to
rdimðGÞ. For a detailed discussion of the notion of essential dimension for finite
groups (which will not be used in this paper), see [1] or [6, §8]. We also note that a
related invariant, the minimal dimension of a faithful complex projective representa-
tion of G, has been extensively studied for finite simple groups G; for an overview, see
[10, §3].
Let G be a p-group of order pn and r be the rank of the centre ZðGÞ. A represen-
tation of G is faithful if and only if its restriction to ZðGÞ is faithful. Using this fact it
is easy to see that a faithful representation r of G of minimal dimension decomposes
as a direct sum
r ¼ r1l   l rr ð1Þ
of exactly r irreducibles; cf. [8, Theorem 1.2]. Since the dimension of any irre-
ducible representation of G is c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½G : ZðGÞp (see, e.g., [11, Corollary 3.11]) and
jZðGÞjd pr, we conclude that
rdimðGÞc rpbðnrÞ=2c: ð2Þ
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Let
fpðnÞ :¼ max
r AN
ðrpbðnrÞ=2cÞ:
It is easy to check that fpðnÞ is given by the following table:
n p fpðnÞ
even arbitrary 2pðn2Þ=2
odd odd pðn1Þ=2
odd, d 3 2 3pðn3Þ=2
1 2 1
We are now ready to state the main result of this paper.
Theorem 1. Let p be a prime and n be a positive integer. For almost all pairs ðp; nÞ, the
maximal value of rdimðGÞ, as G ranges over all groups of order pn, equals fpðnÞ. The
exceptional cases are
ðp; nÞ ¼ ð2; 5Þ; ð2; 7Þ and ðp; 4Þ; where p is odd:
In these cases the maximal representation dimension is 5, 10, and pþ 1, respectively.
The proof will show that the maximal value of rdimðGÞ, as G ranges over all
groups of order pn, is always attained for a group G of nilpotency classc 2. More-
over, if ðp; nÞ is non-exceptional, nd 3 and ðp; nÞ0 ð2; 3Þ; ð2; 4Þ, the maximum is
attained on a special class of p-groups of nilpotency class 2. We call these groups
generalized Heisenberg groups since their representation theory looks very similar to
that of the usual Heisenberg group (the group of unipotent upper triangular 3 3
matrices); see §2.4
The rest of this paper is structured as follows. In §2 we introduce generalized
Heisenberg groups and study their irreducible representations. In §3, we prove
Theorem 1.
2 Generalized Heisenberg groups
2.1 Spaces of alternating forms. Let V be a finite-dimensional vector space over an
arbitrary field F . LetAðVÞ denote the space of bilinear alternating forms on V ; that
is, linear maps b : VnV ! F satisfying bðv; vÞ ¼ 0.
Let K be a subspace ofAðVÞ. Then K defines a map oK : V  V ! K  as follows.
Let j :AðVÞ ! K  denote the dual of the natural injection K ,!AðVÞ. Then oK is
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defined to be the composition
V  V ! L2ðVÞ ! AðVÞ !j K ; ð3Þ
oK
where the first map is the natural projection and the second one is the canonical iden-
tification of L2ðVÞ with AðVÞ.
2.2 Symplectic subspaces.
Definition 2. A subspace KHAðVÞ is symplectic if every non-zero element of K is
non-degenerate, as a bilinear form on V .
Remark 3. Equivalently, KHAðVÞ is symplectic if and only if for every non-zero
linear map K  ! F the composition V  V !oK K  ! F is non-degenerate.
Clearly non-trivial symplectic subspaces ofAðVÞ can exist only if dimðVÞ is even.
Lemma 4. Suppose V is an F-vector space of dimension 2m. If F admits a field exten-
sion of degree m then there exists an m-dimensional symplectic subspace KHAðVÞ.
Proof. Choosing a basis of V , we can identify AðVÞ with the space of alternating
2m 2m-matrices. Let f : MmðFÞ !AðVÞ be the linear map
A 7! 0 AAT 0
 
:
If W is a linear subspace of MmðFÞ ¼ EndF ðF mÞ such that Wnf0gHGLmðFÞ then
K :¼ f ðWÞ is a symplectic subspace.
It thus remains to construct an m-dimensional linear subspace W of MmðFÞ
such that Wnf0gHGLmðF Þ. Let E be a degree m field extension of F . Then E
acts on itself by left multiplication. This gives an F -vector space embedding of
C : E ,! EndF ðEÞ such that CðeÞ is invertible for all e0 0. r
2.3 Groups associated to spaces of alternating forms. Let V be a finite-dimensional
vector space over a field F . Let K be a subspace of AðVÞ and let oK denote the in-
duced map V  V ! K , see (3). Choose a bilinear map b : V  V ! K  such that
oKðv;wÞ ¼ bðv;wÞ  bðw; vÞ: ð4Þ
To see that this can always be done, note that if feig is a basis of V , we can define b
by
bðei; ejÞ ¼ oKðei; ejÞ; if i > j and
0; otherwise.

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We also remark that b is uniquely determined by oK , up to adding a symmetric bi-
linear form V  V ! K .
Definition 5. Let H ¼ HðV ;K ; bÞ denote the group whose underlying set is V  K 
and whose multiplication is given by
ðv; tÞ  ðv 0; t 0Þ ¼ ðvþ v 0; tþ t 0 þ bðv; v 0ÞÞ: ð5Þ
If K is a symplectic subspace, we will refer to H as a generalized Heisenberg group.
Example 6. Suppose o is a non-degenerate alternating bilinear form on V ¼ FlF ,
where F is a field of characteristic not equal to 2. Let K be the span of o in AðVÞ.
Then H V ;K ; 12o
 
is isomorphic to the group of unipotent upper triangular 3 3
matrices over F . This group is known as the Heisenberg group.
Remark 7. It is easy to see that (5) is indeed a group law with the inverse given by
ðv; tÞ1 ¼ ðv;tþ bðv; vÞÞ and the commutator given by
½ðv1; t1Þ; ðv2; t2Þ ¼ ð0;oKðv1; v2ÞÞ: ð6Þ
As oK is surjective, we see that ½H;H ¼ K . Moreover, (6) also shows that
K HZðHÞ, and that equality holds unless the intersection 7
k AK kerðkÞ is non-
trivial. In particular, ZðHÞ ¼ K  if K contains a symplectic form.
Remark 8. A non-abelian finite p-group S is called special if ZðSÞ ¼ ½S;S and
S=½S;S is elementary abelian; see [4, §2.3]. Suppose K is a subspace of AðVÞ such
that 7
k AK kerðkÞ is trivial. Then over the finite field Fp, the groups HðV ;K ; bÞ are
examples of non-abelian special p-groups. We are grateful to the referee for pointing
this out.
Remark 9. If b and b 0 both satisfy (4) then HðV ;K ; bÞ may not be isomorphic to
HðV ;K ; b 0Þ. For example, let V be a 2-dimensional vector space over F ¼ F2, K
be the one-dimensional (symplectic) subspace generated by
0 1
1 0
 
, and b, b 0 be bi-
linear forms on V defined by
1 1
0 1
 
and
0 1
0 0
 
, respectively. Then b and b 0 both
satisfy (4), but HðV ;K ; bÞ is isomorphic to the quaternion group while HðV ;K; b 0Þ is
isomorphic to the dihedral group of order 8.
On the other hand, it is easy to see that HðV ;K ; bÞ and HðV ;K ; b 0Þ are
always isoclinic. (Recall that two groups S and T are isoclinic if there are iso-
morphisms f : S=ZðSÞ ! T=ZðTÞ and g : ½S;S ! ½T ;T  such that if a; b A S and
a 0; b 0 A T with f ðaZðSÞÞ ¼ a 0ZðTÞ and f ðbZðSÞÞ ¼ b 0ZðTÞ, then we have
gð½a; bÞ ¼ ½a 0; b 0, see [3].
2.4 Representations. Let p be an arbitrary prime and let F ¼ Fp be the finite field
of p elements. Fix, once and for all, a homomorphism t : ðFp;þÞ ,! C. Let W be
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a finite-dimensional vector space over F . Using t, we identify the algebraic dual
W  ¼ HomðW ;F Þ with the Pontriyagin dual HomðW ;CÞ. It is clear that a bilinear
alternating map W W ! Fp is non-degenerate if and only if the composition
W W ! Fp !t C is non-degenerate.
Now let V be a finite-dimensional vector space over F , K a subspace ofAðVÞ, and
o ¼ oK the associated map. Choose b satisfying (4) and let
G ¼ HðV ;K ; bÞ ¼ V  K .
Recall that K  is in the centre of G (Remark 7); in particular, it acts via a character
on every irreducible representation of G.
Lemma 10. Let r be a complex irreducible representation of G such that K  acts by a
character c : K  ! C. Assume c  o : V  V ! C is non-degenerate.
(i) If g A G, g B K , then TrðrðgÞÞ ¼ 0.
(ii) dimðrÞ ¼ ffiffiffiffiffiffiffijV jp .
(iii) r is uniquely determined (up to isomorphism) by c.
Proof. (i) Let g A GnK . Since c  o is non-degenerate there exists h A G such that
c  oðgK ; hK Þ0 1. Observe that rð½g; hÞ ¼ cð½g; hÞ Id, and that
rðh1ghÞ ¼ rðgÞrð½g; hÞ.
Taking the trace of both sides, we have TrðrðgÞÞ ¼ cð½g; hÞTrðrðgÞÞ. Since
cð½g; hÞ0 1 we must have TrðrðgÞÞ ¼ 0.
(ii) Since r is irreducible, and the trace of r vanishes outside of K , we have:
1 ¼ 1jGj
X
g AG
TrðrðgÞÞTrðrðgÞÞ
¼ 1jGj
X
g AK 
TrðrðgÞÞTrðrðgÞÞ
¼ 1jGj dimðrÞ
2
X
g AK 
cðgÞ ðcgÞ
¼ dimðrÞ2 jK
j
jGj
Thus dim r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijGj=jK jp ¼ ffiffiffiffiffiffiffijV jp .
(iii) We have completely described the character of r, and it follows that r is
uniquely determined by c. Indeed,
TrðrðgÞÞ ¼
ffiffiffiffiffiffiffijV jp  cðgÞ; if g A K  and
0; otherwise.

r
Maximal representation dimension of finite p-groups 641
Brought to you by | University of Queensland - UQ Library
Authenticated
Download Date | 10/22/15 3:51 AM
In view of Remark 3, the following proposition is a direct consequence of the
above lemma.
Proposition 11. The irreducible representations of a generalized Heisenberg group
H ¼ HðV ;K ; bÞ are exhausted by the following list:
(i) jV j one-dimensional representations, one for every character of V.
(ii) jK j  1 representations of dimension ffiffiffiffiffiffiffijV jp , one for every non-trivial character
c : K  ! C.
The next corollary is also immediate upon observing that the centre of a general-
ized Heisenberg group H ¼ HðG;K ; bÞ equals K ; see Remark 7.
Corollary 12. The representation dimension of a generalized Heisenberg group
H ¼ HðV ;K ; bÞ equals dimðKÞ ffiffiffiffiffiffiffijV jp .
If G is a finite Heisenberg group in the usual sense (as in Example 6) over F ¼ Fp,
then for each non-trivial character w of ZðGÞ there is a unique irreducible represen-
tation c of G whose central character is w; cf. [2, §1.1]. This is a finite group variant
of the celebrated Stone-von Neumann Theorem. For a detailed discussion of the his-
tory and the various forms of the Stone-von Neumann theorem we refer the reader to
[9]. We conclude this section with another immediate corollary of Proposition 11
which tells us that over the field Fp every generalized Heisenberg group has the
Stone-von Neumann property. This corollary will not be needed in the sequel.
Corollary 13. Two irreducible representations of a generalized Heisenberg group with
the same non-trivial central character are isomorphic.
Corollary 13 is the reason we chose to use the term ‘‘generalized Heisenberg
group’’ in reference to the groups HðV ;K ; bÞ, where K is a symplectic subspace.
Special p-groups (Remark 8) which are not generalized Heisenberg groups may not
have the Stone-von Neumann property; see Remark 18.
3 Proof of Theorem 1
The case where nc 2 is trivial; clearly rdimðGÞ ¼ rankðGÞ if G is abelian. We will
thus assume that nd 3.
In the non-exceptional cases of the theorem, in view of the inequality (2), it su‰ces
to construct a group G of order pn with rdimðGÞ ¼ fpðnÞ. Here fpðnÞ is the function
defined just before the statement of Theorem 1.
If ðp; nÞ ¼ ð2; 3Þ or ð2; 4Þ, we take G to be the elementary abelian group ðZ=2ZÞ3
and ðZ=2ZÞ4, yielding the desired representation dimension of 3 and 4, respectively.
For all other non-exceptional pairs ðp; nÞ, we take G to be a generalized Heisen-
berg group over the field Fp as described in the table below. Here HðV ;KÞ stands for
HðV ;K ; bÞ, for some b as in (4). In each instance, the existence of a symplectic
subspace K of suitable dimension is guaranteed by Lemma 4 and the value of
rdimðHðV ;KÞÞ is given by Corollary 12.
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n p dimðVÞ dimðKÞ rdimðHðV ;KÞÞ
even, d 6 arbitrary n 2 2 2pðn2Þ=2
odd, d 3 odd n 1 1 pðn1Þ=2
odd, d 9 2 n 3 3 3pðn3Þ=2
This settles the generic case of Theorem 1. We now turn our attention to the excep-
tional cases. We will need the following upper bound on rdimðGÞ, strengthening (2).
Let W1ðZðGÞÞ be the subgroup of elements g A ZðGÞ such that gp ¼ 1.
Lemma 14. Let G be a p-group and r ¼ rankðZðGÞÞ ¼ rankðW1ðZðGÞÞÞ.
(i) Let r1 be an irreducible representation of G such that Kerðr1Þ does not contain
W1ðZðGÞÞ. Then there are irreducible representations r2; . . . ; rr of G such that
r1l   l rr is faithful. In particular,
rdimðGÞc dimðr1Þ þ ðr 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½G : ZðGÞ
p
:
(ii) If W1ðZðGÞÞ is not contained in ½G;G, then
rdimðGÞc 1þ ðr 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½G : ZðGÞ
p
:
The lemma can be deduced from [7, Remark 4.7] or [8, Theorem 1.2]; for the sake
of completeness we give a self-contained proof.
Proof. (i) Let w1 be the restriction to W1ðZðGÞÞ of the central character of r1. By our
assumption w1 is non-trivial. Complete w1 to a basis w1; w2; . . . ; wr of the r-dimensional
Fp-vector space W1ðZðGÞÞ and choose an irreducible representation ri such that
W1ðZðGÞÞ acts by wi. (The representation ri can be taken to be any irreducible com-
ponent of the induced representation IndGW1ðZðGÞÞðwÞ.) The restriction of
r :¼ r1l   l rr
to W1ðZðGÞÞ is faithful. Hence, r is a faithful representation of G. As we mentioned
in the introduction dimðriÞc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½G : ZðGÞp for every id 2, and part (i) follows.
(ii) By our assumption there exists a one-dimensional representation r1 of G whose
restriction to W1ðZðGÞÞ is non-trivial. Now apply part (i). r
We are now ready to prove Theorem 1 in the three exceptional cases.
3.1 Exceptional case 1: p is odd and nF 4.
Lemma 15. Let p be an odd prime and G be a group of order p4.
(i) Then rdimðGÞc pþ 1.
(ii) Suppose ZðGÞF ðZ=pZÞ2 and G=ZðGÞF ðZ=pZÞ2. Then rdimðGÞ ¼ pþ 1.
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Proof. (i) We argue by contradiction. Assume there exists a group of order p4 such
that rdimðGÞd pþ 2. If jZðGÞjd p3 or G=ZðGÞ is cyclic then G is abelian and
rdimðGÞ ¼ rankðGÞc 4c pþ 1, a contradiction. If ZðGÞ is cyclic then rdimðGÞc p
by (2), again a contradiction.
Thus ZðGÞFG=ZðGÞF ðZ=pZÞ2. This reduces part (i) to part (ii).
(ii) Here W1ðZðGÞÞ ¼ ZðGÞ has rank 2. Hence, a faithful representation r of G of
minimal dimension is the sum of two irreducibles r1l r2, as in (1), each of dimen-
sion 1 or p.
Clearly dimðr1Þ ¼ dimðr2Þ ¼ 1 is not possible, since in this case G would be abe-
lian, contradicting ½G : ZðGÞ ¼ p2. It thus remains to show that rdimðGÞc pþ 1.
Since G=ZðGÞ is abelian, ½G;GHZðGÞ. Hence, by Lemma 14(ii) we only need to
establish that ½G;GPZðGÞ.
To show that ½G;GPZðGÞ, note that the commutator map
C : G=ZðGÞ  G=ZðGÞ ! ZðGÞ
ðgZðGÞ; g 0ZðGÞÞ 7! ½g; g 0
can be thought of as an alternating bilinear map
ðFpÞ2  ðFpÞ2 ! ðFpÞ2.
Viewed in this way, C can be written as Cðv; v 0Þ ¼ ðw1ðv; v 0Þ;w2ðv; v 0ÞÞ for w1,
w2 AAððFpÞ2Þ. Since AððFpÞ2Þ is a one-dimensional vector space over Fp, w1 and
w2 are scalar multiples of each other. Hence, the image of C is a cyclic group of order
p, and ½G;GPZðGÞ, as claimed. r
To finish the proof of Theorem 1 in this case, note that G ¼ Z=pZ G0, where G0
is a non-abelian group of order p3, satisfies the conditions of Lemma 15(ii). Thus
the maximal representation dimension of a group of order p4 is pþ 1, for any odd
prime p.
3.2 Exceptional case 2: pF 2 and nF 5.
Lemma 16. Let G be a group of order 32. Then rdimðGÞc 5.
Proof. We argue by contradiction. Assume there exists a group of order 32 and rep-
resentation dimensiond 6. Let r ¼ rankðZðGÞÞ. Then 1c rc 5 and (2) shows that
rdimðGÞc 5 for every r0 3.
Thus we may assume r ¼ 3. If jZðGÞjd 16 or G=ZðGÞ is cyclic then G is abelian,
and rdimðGÞ ¼ rankðGÞc 5. We conclude that
ZðGÞF ðZ=2ZÞ3 and G=ZðGÞF ðZ=2ZÞ2.
Applying the same argument as in the proof of Lemma 15(ii), we see that
½G;GPZðGÞ, and hence rdimðGÞc 5 by Lemma 14(ii), a contradiction. r
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To finish the proof of Theorem 1 in this case, note that the elementary abelian
group of order 25 has representation dimension 5. Thus the maximal representation
dimension of a group of order 25 is 5.
3.3 Exceptional case 3: pF 2 and nF 7.
Lemma 17. If jGj ¼ 128 then rdimðGÞc 10.
Proof. Again, we argue by contradiction. Assume there exists a group G of order 128
and representation dimensiond 11. Let r be the rank of ZðGÞ. By (2), r ¼ 3; other-
wise we would have rdimðGÞc 10.
As we explained in the introduction, this implies that a faithful representation r
of G of minimal dimension is the direct sum of three irreducibles r1, r2 and r3, each
of dimensionc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
27=jZðGÞj
p
. If jZðGÞj > 8, then
dimðriÞc 2 and rdimðGÞ ¼ dimðr1Þ þ dimðr2Þ þ dimðr3Þc 6;
a contradiction.
Therefore, ZðGÞG ðZ=2ZÞ3 and dimðr1Þ ¼ dimðr2Þ ¼ dimðr3Þ ¼ 4. By
Lemma 14(i) this implies that the kernel of every irreducible representation of G of
dimension 1 or 2 must contain ZðGÞ. In other words, any such representation factors
through the group G=ZðGÞ of order 16. Consequently, if mi is the number of irreduc-
ible representations of G of dimension i then m1 þ 4m2 ¼ 16. We can now appeal to
[5, Tables I and II], to show that no group of order 27 has these properties. From
Table I we can determine which groups G (up to isoclinism, cf. Remark 9) have
jZðGÞj ¼ 8 and using Table II we can determine m1 and m2 for these groups. There
is no group G with jZðGÞj ¼ 8 and m1 þ 4m2 ¼ 16. r
We will now construct an example of a group G of order 27 with rdimðGÞ ¼ 10.
Let V ¼ ðF2Þ4 and let K be the 3-dimensional subspace of AðVÞ generated by the
following three elements:
0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0
2
6664
3
7775;
0 0 1 0
0 0 1 1
1 1 0 0
0 1 0 0
2
6664
3
7775;
0 0 1 1
0 0 0 1
1 0 0 1
1 1 1 0
2
6664
3
7775:
Let G :¼ HðV ;K ; bÞ ¼ V  K  for some b as in (4). Note that K contains only one
non-zero degenerate element (the sum of the three generators). In other words, there
is only one non-trivial character w of K  such that w  o : V  V ! C is degenerate.
By Remark 7
½G;G ¼ ZðGÞ ¼ K : ð7Þ
Let r be a faithful representation of G of minimal dimension. As we explained in
the Introduction, r is the sum of rankðZðGÞÞ ¼ 3 irreducibles. Denote them by r1,
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r2, and r3, and their central characters by w1, w2 and w3, respectively. Since r is faith-
ful, w1, w2 and w3 form an F2-basis of W1ðZðGÞÞF ðZ=2ZÞ3. By Lemma 10, for
each non-trivial character w of K  except one, there is a unique irreducible repre-
sentation c of G such that w is the central character to c, and dimc ¼ 4. Thus at
least 2 of the irreducible components of r, say, r1 and r2 must have dimension 4. By
Lemma 17, dimðrÞc 10, i.e., dimðr3Þc 2. But every one-dimensional representation
of G has trivial central character. We conclude that dimðr3Þ ¼ 2 and consequently
rdimðGÞ ¼ dimðrÞ ¼ 4þ 4þ 2 ¼ 10.
Thus the maximal representation dimension of a group of order 27 is 10.
Remark 18. The group G constructed above has 16 one-dimensional representations
with trivial central character, 4 two-dimensional representations with non-trivial
degenerate central character, and 6 four-dimensional representations with pairwise
distinct non-degenerate central characters. In view of (7), H is a non-abelian special
2-group which does not enjoy the Stone-Von Neumann property (Corollary 13).
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